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NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

RESEARCH MEMORANDUM 

ANALYSIS OF EFFECTS OF ALRPLANE CHARACTERISTICS AND 

AUTOPILOT  PARAMETEXS  ON A ROLL-COMMAND SYSTEM 

WITH AILERON RATE AND DEFLECTION  LIMITING 

By Albert A. Schy  and  Ordway B. Gates,  Jr. 

The  dynamic  characteristics  of an airplane  with  a  proportional-gain 
roll-control  autopilot  are  discussed.  The  significant  aspects  of  the 
dynamic  characteristics  of  the  airplane  are  analyzed. A comparison  of 
three  different  high-speed  fighter  airplanes  is  presented. The dynamic 
effects  of  time  lags  and  various  gains  in  the  system  are  described. 
Results  obtained  by  the  Reeves  Electronic  Analog  Computer are presented 
to show  the  effects  of  limiting  the  aileron  deflection  and  rate  of 
deflection  on  the  dynamic  characteristics  of  the  system. 

INTRODUCTION 

There  is  much  interest  at  the  present  time  in  the  development  of a 
completely  automatic  interceptor  system.  Much  research,  both  analyti- 
cal  and  experimental,  is  being  done  toward  the  development  of  specific 
systems.  However,  there  remains  a  serious  lack  of  published  material 
on  many  problems  which  would  be  of  general  interest to people  in  this 
field.  For  this  reason,  the  Langley  stability  analysis  section  has 
undertaken  an  analog-simulation  study of certain  aspects  of  the  attack 
phase of the  automatic  interception  problem  by  using  accurate  simulation 
of  airplane  dynamics,  attack  geometry,  and  guidance  computers. 

In  connection  with  this  study,  for  which  a  large  analog  computer 
is  needed,  several  investigations  of  particular  aspects  of  the  complete 
problem  using  appropriate  approximations  for  simplified  simulation  are 
being  carried  out.  Various  simplifying  approximations are often  feasible 
when  it  is  desired  to  investigate  certain  aspects  of  the  attack  problem 
individually.  One  purpose  of  these  small-scale  studies  is to determine 
desirable  characteristics  for  the  tie-in  equipment  and  autopilots  for 
use  in  the  large-scale  analog  simulation  mentioned  above. 
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A roll-command  autopilot is an important  component of any automat- 
ically  controlled  interceptor,  because an airplane  must bank in  order 
to turn  its  flight  path  effectively.  This  paper  presents  the  results 
of a theoretical  investigation  of a so-called  proportional-gain roll- 
command  autopilot. In this  type  of  autopilot,  the  signal to  the  aileron 
servo  consists  essentially  of a linear  corribination  of  the  error  in  bank, 
its  time  derivatives  and/or  integrals,  and  various  components  of  the 
airplane  motion.  The  proportional  amount  of any component  which  enters 
into  the  aileron-actuating  signal  depends  on  the  gain  on  this  component. 

By  use  of  standard  methods  for  the  analysis  of  linear  dynamic  sys- 
tem (see  ref. 1, for  example),  the  following  aspects  of  the  automatic 
roll-command  system  were  investigated:  the  properties  of  the  airplane 
as a component  of  the  system,  the  effects  of  the  various  gains  on  the 
dynamic  characteristics  of  the  system,  and  the  effects  of  time  lags  in 
the  system.  Also,  the  nonlinear  effects  of  limiting  the  amplitude  and 
rate  of  the  aileron  motion  were  investigated  by  use of a Reeves  Elec- 
tronic  Analog  Computer (RELAC). 

In order to  investigate  the  effects of different  airplane  charac- 
teristics  on  the  system,  results  were  obtained  for  the  following  four 
cases: a present-day  interceptor  which has very little  coupling  between 
the  rolling  and  yaw-sideslip  motions;  two  flight  conditions  of a high- 
speed  research  airplane  having  relatively  low roll inertia  and  damping, 
low  Dutch-roll  damping,  and  very  high  ratio  of  roll-to-sideslip  magnitude 
in  the  Dutch-roll  mode;  and an advanced-design  interceptor  having  good 
Dutch-roll  damping  due  to a high  stabilizing value of the  product of 
inertia. 

SYMBOLS 

ao, . . . a3  coefficients  of  numerator  of roll transfer  function 
(see  eq. ( 8 )  ) 

Ao, . . . A4 coefficients  of  denominator  of roll transfer  function 
(see  eq. ( 8 )  ) 

arg  phase  angle  (argument)  of a complex  number,  deg or radians 

b span,  ft 

CL trim-lift  coefficient, - Lift 
¶S 

c Z  rolling-moment  coefficient, Rolling  moment ¶a 



i' 

yawing-moment coef f ic ien t ,  Yawing  moment 
Cn 9% 

l a te ra l - force   coef f ic ien t ,  La tera l   force  

I 

il C 1  yaw-damper gain,  sec 

'il G 

I X  
Y 

t ransfer   func t ion  

a i rp lane  moment of i n e r t i a   i n   r o l l i n g ,   s l u g - f e e t  2 

I Z  a i rp lane  moment of i n e r t i a   i n  yawing, slug-feet2 

Ixz airplane  product of iner t ia ,   s lug- fee t2  

Im imaginary  part of a complex number 

K forward-loop  (sensit ivity)  gain 

K',k' roll-rate  feedback  gain,   sec 

K" ,k" roll-acceleration  feedback  gain,   sec 2 

K I  integrator   gain,   sec- l  

Kx2 = Ix/rnb2 

Kz2 = Iz /mb2 

K~~ = Ixz/mb2 

m 

M 

P 

P 

9 

Re 

S 

a i rp lane  mass, slugs 

Mach number 

Laplace  transform  variable 

period of o sc i l l a t ion ,   s ec  

dynamic pressure,  slug-feet'l-sec'* 

real p a r t  of a complex number 

wing area, f t 2  

3 
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T1/2 

V s teady-state   veloci ty  of a i rp lane ,   fee t - sec- l  

t ime   fo r   an   o sc i l l a t ion   t o  damp t o  half-amplitude,  sec 

P a i rp lane   s ides l ip   angle  

7 airplane  f l ight   -path  angle  

'a t o t a l   a i l e r o n   d e f l e c t i o n ,   p o s i t i v e   i n   d i r e c t i o n   t o   g i v e  
a pos i t i ve   ro l l i ng  moment, deg  or  radians 

6r   rudder   def lec t ion ,   pos i t ive   wi th   t ra i l ing  edge t o   l e f t ,  
deg or   radians 

E e r r o r   i n  bank  angle ($fi - PI), deg or  radians 

hr  dimensional  damping-in-roll  root of a i rp l ane   cha rac t e r i s t i c  
equation,  sec-1 

pb a i rp lane   l a te ra l   re la t ive-dens i ty   parameter ,  111 PSb 

P air  density,   slugs-ft-3 

CT = KIP, sec-1 

T. 

PI 
PIi 

$ 

0) 

Subscripts : 

F 

L 

P 

r 

Characterist ic  "t ime  lag" of a f i r s t - o r d e r   l a g  element 
i n  automatic  pilot  system,  sec 

airplane  bank  angle, deg or   radians 

command bank  angle, deg or  radians 

a i rp lane  yaw angle, deg or   radians 

angular  frequency,  radians-sec-1 

f i l t e r   i n   a u t o p i l o t  

l imit ing  value 

in   s t ab i l i t y   de r iva t ives   r ep resen t s   de r iva t ive   w i th  

r e s p e c t   t o   $ 1 2 ~  

i n   s t a b i l i t y   d e r i v a t i v e s   r e p r e s e n t s   d e r i v a t i v e   w i t h  
r e s p e c t   t o  $b/2V 



S aileron  servo 

ss steady  state 

P 

6r 

in stability  derivatives  represents  derivative  with 
respect to 

in stability  deri.vatives  represents  derivative  with 
respect to 6, 

in stability  derivatives  represents  derivative  with 
respect  to 8, 

Square  brackets  around a ratio  of  two  quantities  indicate  the 
transfer  function  relating  the  quantities. 

The stability  derivatives  listed  in  table I correspond to angular 
variables  in  radians. 

DISCUSSION  OF  ROLL-CONTROL SYSTEM 

In these  remarks  and in the  first  part  of  the  analysis,  the  non- 
linear  effects  of  limiting  the  amplitude  and  rate  of  aileron  motion will 
be  neglected.  This  assumption  should  give  valid  results  for small gains 
in  the  autopilot  system  and/or  small  commands,  because  the  aileron  motions 
may  then  be  assumed to be relatively  small so that  there  would  be  little 
or no limiting  action.  When  the  linearized  equations  of lateral motion 
are used  for  the  airplane,  the  whole  system  is  linear,  and  the  well-known 
methods  for  analyzing  and  synthesizing  linear  servo  systems may be used. 
For  a  discussion  of  these  methods,  see  reference 1. 

Basic  Roll-Command 

The  fundamental  roll-command  system 
lowing  block  diagram: 

Servo- 
Amplifier 

I 

Sys  tem 

may  be  represented  by the  fol- 

. "" 
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The signal $ifi i s  considered t o  be a command i n  bank. This command i s  
compared wi th   t he   ac tua l  bank  angle,  and  the  difference E i s  amplified 
and app l i ed   t o   ac tua t e   t he   a i l e ron  servomechanism. The t ransfer   func-  
t i o n  KG, represents   the  amplif icat ion  of   the amplifier and  servo  and 
the   t r ans fe r   func t ion  of the  servo. The amplif icat ion K w i l l  be   ca l led  
the  forward-loop  gain o r  t he   s ens i t i v i ty   ga in ,   s ince  it indica tes   the  
s e n s i t i v i t y  of t h e   c o n t r o l   t o   e r r o r s .  The re ,u l tan t   a i le ron   def lec t ion  
should   cause   the   a i rp lane   to   ro l l  so that the  angle  of bank # approaches 
t h e  command i n  bank #i as r a p i C y  and as smcothly as possible .  It i s  

assumed that the  input  signal is a rb i t r a ry ,  that is, independent  of t h e  
aircraf t   motions.  The t rans ien t   response   to  a s t ep  cormnand input i s  
analyzed t o   e v a l u a t e   t h e   d e s i r a b i l i t y  of a given  control  system. 

For  convenience,  the t o t a l   a i l e r o n   d e f l e c t i o n  6, i s  defined as 
pos i t i ve   i n   t he   s ense  that would l e a d   t o  a p o s i t i v e   r o l l i n g  moment; that 
is ,  C i s  pos i t i ve .  With t h i s   d e f i n i t i o n ,  a pos i t i ve   e r ro r  w i l l  give 

r i s e   t o   p o s i t i v e   r o l l i n g  of the  a i rplane  without   requir ing  the  considera-  
t i o n  of negat ive  gains   in   the  autopi lot .  The symbol 6 represents  

t he   e f f ec t ive   a i l e ron   de f l ec t ion   co r re spond ing   t o   an   ex te rna l   ro l l i ng -  
moment d is turbance ,   pos i t ive   in   the  same sense as 6,. 

'ga 

a0 

Command response of t he   bas i c  system.- If it i s  assumed that the  
ai leron  servo has no lags ,  

Gs = 1 

and the  control   equat ion i s  

The cha rac t e r i s t i c s  of t he  cormnand response of t h i s  simple  control  system 
are  obtained from the  closed-loop  transfer  function 

Here l&- i s  the   t ransfer   func t ion   g iv ing   the   ro l l   response  of t he  air-  

p l ane   fo r   an   a i l e ron   de f l ec t ion .   Fo r   s imp l i c i ty   t h i s  w i l l  hereaf ter   be  
ca l l ed   t he   a i rp l ane   t r ans fe r   func t ion .  It i s  d e s i r e d   t h a t   i n   t h e   s t e a d y  

state [ijSS = 1. For  this  simple  system it can  be  seen that this can 
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only  occur  if  is  infinite.  When is finite,  there  is 

a  steady-state  error  in  the  command  response. 

The  open-loop  transfer  function  for this simple  system  is 

p] = #] 
A convenient  method  for  choosing a desirable  gain  for  the  system  is  to 

work  with  the  complex  plot  of K[;]. The  inverse  of  the  open-loop 

transfer  function [;] is  generally  a  rational  function  of  the  Laplace 

operator  p.  The  complex  plot  is  obtained  by  setting  p = ico and 

plotting  the real  and  imaginary  parts  of K[;] in the  complex  plane  for 

positive  values  of w. In the  present  case K[-] = [ $1 and  is  simply 

the  inverse  of  the  airplane  transfer  function.  Therefore,  it  is  the 
rolling  characteristics  of  the  airplane  itself  which  will  determine 
whether  this  simple  control  system  can  be  satisfactory.  The  character- 
istics  of  several  airplanes are compared in the  first  part  of  the  section 
entitled  "Analysis. ' I  

Regulatory  response of the  basic  system.- In addition  to  the  command 
response  of  the  system,  the  characteristics  of  the  response  to  external 
disturbances  are  important.  External  disturbances may be  rolling-moment 
disturbances  on  the  airplane  itself or "noisell  disturbances  on  the  com- 
mand  signal,  Both  the  noise  disturbances  and  the  rolling  moments  caused 
by air  turbulence  are  randomly  varying  functions  of  time. In order to 
minimize  the  effects  of  such  disturbances,  it  is  necessary  to  know  their 
statistical  properties  (which  are  assumed  to be invariant  with  time). 
It may then  be  possible  to  apply  the  theories  of  generalized  harmonic 
analysis  to  design a filter to minimize  the  random  disturbance  effects. 
These  statistical  problems,  however,  are  outside  the  scope  of  this 
paper  and  the  problems  connected  with  noise  filtering  are  not  discussed. 
There  will,  however, be some  discussion  of a method  of  overcoming  the 
destabilizing  effect  of a filter  the  dynamic  characteristics  of  which 
may  be  represented by a simple  time  lag.  As  mentioned in reference 2, 
the  rather  complicated  optimum  filter  which  is  obtained  by  application 
of the  theory  of  generalized  harmonic  analysis  can  often be replaced by 
a very  simple  filter  with  little loss of effectiveness.  For a simple 
time-lag  filter,  the  method  of  stabilization  presented  should be 
applicable. 
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Steady  out-of-trim  rolling  moments  may  also  occur  on  the  airplane. 
The  transfer  function  for  the  response  to an external  rolling  moment 
for  the  simple  system  is  obtained  as  follows: 

Equation (4) shows 

turbance  is gSs - - 
that  the  steady-state  response to an  external  dis- 

(6ay) s s /K' k] 1. Therefore,  this  simple 

system  has  no  regulatory  stability.  That  is,  as long as  external  dis- 
turbances  persist,  a  steady-state  error  will  exist  in  the  output  bank 
angle  of  the  system.  Some  modification  of  the  system  .is  needed  if  it 
is  to  be  made self-triming.  It  should  be  noted  that  the  magnitude  of 

(%) ss  
is  likely  to  be  only  a few degrees so that  the  error  caused  by 

such  steady  disturbances  would  be  small,  especially  for  large K. Never- 
theless,  a  method  of  obtaining  regulatory  stability  will  be  discussed. 

Methods  of  Improving  the  Response  of  the  Basic  System 

Usually,  the  command  response  will  not  be  satisfactory  for  such  a 
simple  control  system  either.  However,  even  when  the  controlled  air- 
plane  does  have  satisfactory  rolling-response,  the  effect  of  time  lags 
in  the  servo  and/or  noise  filter  will  be  destabilizing so that  some 
modification  of  the  system  will  be  necessary.  For  linear  systems,  the 
most  logical  way  to  approach  this  problem  of  modifying  the  system  to 
obtain  desirable  dynamic  characteristics  is  to  consider  the  basic  system 
as  a  network  having  certain  undesirable  dynamic  characteristics  which 
are  revealed  in  its  open-loop  response  curve  or  frequency-response  curves. 
A "compensating  network"  may  then  be  designed  which,  when  inserted  into 
the  system,  will  modify  these  curves  in  such  a  way  as  to  cancel  out  the 
undesirable  characteristics.  When  nonlinearities  enter  into  the  system, 
however,  it  becomes  rather  difficult  to  evaluate  their  effects  on  the 
compensating  network  since  the  analysis of the  nonlinear  mechanics  of 
fairly  complicated  systems  presents  considerable  difficulties. 
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An  alternate  approach  to  the  synthesis  of  a  desirable  system  is 
the  proportional-gain  method  used  in  this  investigation. In this  method 
the  dynamic  characteristics  of  the  system  are  modified  by  varying  the 
gains  on  auxiliary  inputs  to  the  aileron  servo.  Although  the  approach 
is  different,  the  desired  results  are  the  same  for  this  method  as  for 
the  compensating-network  method,  namely,  to  obtain  desirable  response 
characteristics  for  the  complete  system.  This  method has the  advantage 
that  certain  of  these  gains  have  a  familiar  significance  to  the  aero- 
nautical  engineer  in  that  they  may  be  interpreted  as  representing  terms 
in  the  linearized  equations  of  airplane  motion. A more  important  advan- 
tage  is  that,  when  nonlinearities  enter  the  system,  it  is  comparatively 
simple  to  investigate  empirically  the  effects of varying  the  gains  on 
the  transient  response  of  the  nonlinear  system  by  use of an  analog  com- 
puter  such  as  the  €WAC. 

ANALYSIS 

Linear  Roll-Command  System 

Since  the  rolling  characteristics  of  the  airplane  will  determine 
the  characteristics  of  the  basic  roll-command  system,  these  charac- 
teristics  are  investigated  by  studying  the  linearized  equations  of 
lateral  airplane  motion. 

Effects  of  the  roll  characteristics  of  the  airplane.-  The  equations 
of lateral  motion  of an airplane  for small perturbations  from  equilibrium 
are 

The  only  control  effects  considered  in  these  equations  were  the  rolling 
moment  caused by the  aileron  and  the  yawing  moment  caused by the  rudder. 
The  dot  over  a symbol represents  differentiation  with  time.  The  transfer 
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function lt- is  obtained  by  taking  the  Laplace transfom of  these  equa- 

tions  for  zero  initial  conditions  and  solving  for f&] where  p  is 

the  Laplace  transform  variable. 

The  values  of  the  parameters  in  these  equations  for  the  four  cases 
being  compared  are  given  in  table I. The  three  airplanes  chosen  are 
considered  to  be  realistic  high-speed  designs  which  have  certain funda- 
mental  differences  in  their roll properties.  The  airplane  which  has 
very  little  coupling  between  its  rolling  and  yaw-sideslip  motions  will 
be called  case A. The  flight  condition  chosen  is  that  for M = 0.9 at 
an altitude  of 20,000 feet.  Cases B and  C  are  for an airplane  having  a 
very  high I f 1  in  its  Dutch-roll  mode.  Case B is  for  a  Mach  number of 0.9 

and  an  altitude  of 20,000 feet,  whereas  case  C  is  for  a  Mach  number  of 1.6 
and  an  altitude  of 70,000 feet.  Case C has practically  no  damping  of  the 
Dutch-roll  oscillation.  Case D is  an  airplane  with  a  large  product  of 
inertia  -that  tends to  stabilize  the  Dutch-roll  mode. In this  case  the 

Dutch-roll  mode  has  damping  comparable  with  case A and If1 roughly half- 
way  between  the  very  low  value of case A and  the  very  high  values  of 
cases B and  C.  Figure 1 shows  motions  of  these  airplanes in response 
to a  sideslip  disturbance  of 2O and  illustrates  the  differing  character- 
istics  of  the  three  airplanes. 

Some  general  properties  of  airplane  roll-transfer  functions.-  Appli- 
cation of the  Laplace  transform  to  the  equations  of  motion  gives  the 
general  form  of  solution 

The  final-value  theorem  for  Laplace  transforms,  when  applied  to  equa- 
tion ( 8 ) ,  says  that  the  bank  angle  becomes  infinite  in  the  steady-state 
response  to  a  step  aileron  deflection.  However,  for 7 = 0, the  coeffi- 
cient a. in  equation (8) vanishes,  and  the  steady-state  value  of  the 
bank  angle  is  finite.  As  mentioned  in  connection  with  equation (2), 
this  condition  implies  that  there  will  be  a  steady-state  error  in  the 
command  response  of  the  basic  roll-control  system. 

For 7 = 0, the  theoretical  steady  value  is 
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This i s  usually a very  large  value  since  the  numerator  contains a term 
wi th   the   re la t ive ly   l a rge   fac tor  pb whereas the  denominator i s  the 
small fac tor  which i s  closely  connected  with  the  spiral  damping of the 
l a t e r a l  motion.  For  zero s p i r a l  damping, the  steady-state  value i s  the 
des i red   in f in i te   va lue .   In   genera l ,   the   sp i ra l  mode w i l l  have some 
damping,  and a small s teady-state   error  w i l l  occur in   t he  command response 
f o r  y = 0. The d i s t i n c t i o n  between the  cases  of  infinite  or  very  large 
steady-state bank angle, however, has l i t t l e  or no physical   s ignif icance.  
In   the  f irst  place,   the  validity  of  the  l inearized  equations  breaks down 
for  very  large  motion. Moreover,  any p r a c t i c a l  maneuver i s  over i n  a 
few seconds,  whereas  the  effects  of  the  spiral mode on the  motion become 
important  only after a long  time. It follows that the  true  steady state 
i s  not as important i n   t h e  maneuver as the  effect ive  s teady  s ta te  which 
occurs a few seconds after the  maneuver is  i n i t i a t e d .  

This  can  be  seen more c lear ly  i f  the  frequency  response  obtained 

from the   t ransfer   func t ion  [ - ]  i s  considered. If the  magnitude  of t h i s  

complex quantity seems t o  be  approaching a f in i t e   va lue  as w approaches 
zero, th i s   va lue  i s  the   e f fec t ive  gSs,  and the  effect ive  value of fiSs 

i s  inf in i te .   F igure  2 shows a comparison of the  frequency  responses 

[&] for  the  four  cases when 7 = 0. All four  curves show that I&l does 

seem t o  approach a f in i t e   va lue  a t  the low frequencies. The sudden  drop 
to   zero  a t  w = 0, which i s  caused by t h e   s p i r a l  damping, occurs  only a t  
the  extremely low frequencies.  This  amplitude change is  accompanied  by 
a 90' s h i f t   i n  phase.  Since  the  break  frequency i s  around w = 0.1, 
which corresponds  to a period of approximately 60 seconds, it is c l e a r  
that t h e   s p i r a l  mode can have no important  effect  on maneuvers l a s t i n g  
less   than  5 o r  10 seconds. 

The approximate  effective  steady-state  value of 18 I can be  calcu- 

l a t e d   f a i r l y  simply.  In  equation ( 8 ) ,  i f  7 = 0, then a. = 0; and 

Equation (10) i s  obtained by considering  only  those  terms  which  have 
pb as a f a c t o r  and y ie lds  a very good approximation. The e f f e c t i v e  
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steady-state  values  obtained from  equation (10) fo r   ca ses  A, B, C ,  and D, 
respec t ive ly ,   a re  11.8, 21.2, 42.5, and  27.7 in   un i t s   o f   degrees   per   sec-  
ond per  degree. From f igure  2 ,  it can  be  seen that these  values are an 
excellent  approximation  of  the  effective  steady-state  magnitudes a t  low 
frequencies. Some unpublished work by  Leonard Sternfield  of  the  Langley 
s t ab i l i t y   ana lys i s   s ec t ion  has shown that th is   express ion   a l so   g ives  
excellent  agreement when compared with  f l ight   records  of  a number of 
a i rp lanes   in   var ious   f l igh t   condi t ions .  

The previous  discussion has shown that the   e f f ec t s   o f   sp i r a l  damping 
may be  ignored in   consider ing the dynamic ro l l i ng   cha rac t e r i s t i c s   o f   an  
a i rp lane  f o r  maneuvers  of  reasonably  short  duration.  In  fact,  in  order 
t o  o b t a i n   r e a l i s t i c   r e s u l t s   f o r   e f f e c t i v e   s t e a d y - s t a t e   v a l u e s ,  it i s  
necessary  to   ignore  the  spiral  damping. In   o rde r   t o   i nves t iga t e   t he  

e f f e c t s  of  f l igh t -pa th   angle ,  7, the  [&] response was ca l cu la t ed   fo r  

case D with 7 = 245'. These  checked the  response  for 7 = 0 almost 
p e r f e c t l y   f o r  CD > 0.1. Thus, the   f l igh t -pa th   angle   a f fec ts   on ly   the  

true  steady-state  value  of 
18 a 
4 and has p r a c t i c a l l y  no e f f e c t  on the  

e f fec t ive   s teady  state nor on the   r e s t   o f   t he  airplane frequency  response 
except a t  very low frequencies.  Therefore, 7 = 0 w.s assumed throughout 
t he   i nves t iga t ion   fo r   s imp l i c i ty .  

Comparison of   severa l   s impl i f ied   a i rp lane   t ransfer   func t ions . -   S ince  
the   e f fec ts   o f  7 and t h e   s p i r a l  mode  may be neglected,  it i s  c l e a r  that 

the   a i rp lane   t ransfer   func t ion  $1 may be   wr i t t en   i n  a simpler form  than k, 
that given  by  equation (8). Any fur ther   poss ib le   s impl i f ica t ion  Would, 
of course,   be  desirable,   and  this problem w i l l  now be  discussed. 

The most obvious  simplification would be t o  assume that the  yaw and 
sideslip  motions  have  very l i t t l e  e f f e c t  upon the   ro l l i ng .  The r o l l  
equation  then becomes 

and 

Naturally,  such  an  expression i s  only  val id  i f  t h e   e f f e c t s  of the  Dutch- 
r o l l  mode on the  rol l ing  response are negligible.  Examination  of 
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f igure 2 shows that the  Dutch-rol l   osci l la t ion i s  actually  very  important 
i n  a l l  the  cases  except  case A. It i s  the   Dutch- ro l l   osc i l la t ion  which 
causes  the marked peak in  the  other  three  curves.   Therefore,   the  simpli-  
f ied  expression which i s  given  in  equation (12)  would not  be  an  accurate 
simulation of the   a i rp lane   ro l l ing   charac te r i s t ics .  

Since  the  osci l la tory  propert ies  of the roll-command system are 
undesirable, it is  reasonable   to  assume that a yaw damper would be used. 
A s  a limiting  case,  suppose  there is enough yaw damping and i n e r t i a  so 
t h a t   t h e   e f f e c t  of the yawing on the   ro l l i ng  motion  can  be  ignored. 
Then the  a i rplane  t ransfer   funct ion becomes 

Equation (13) i s  the same as equation (12)  for  those  frequencies where 
the  constant  term C L C ~ ~  i n   t h e  denominator may be  ignored.  This  term 

has  an  important  effect a t  the low frequencies, however, so t h a t  even 
f o r   i n f i n i t e  yaw damping the  approximation  given in   equat ion (12) w i l l  
break down a t   t h e  low frequencies. It should  be  noted that increas-ing 
t h e   r o l l  damping C w i l l  improve the  approximation t o  lower  frequencies. 

l P  

Equation (13) shows that equation (12) should  be a f a i r  approximation 
to   the   a i rp lane   ro l l   response  when a large amount of yaw damping is  used, 
a t  least for  frequencies  around (0 = 1 and  higher. The damping of  the 
Dutch- ro l l   osc i l la t ion ,  however, is  not  the  only  thing which a f f ec t s   t he  

magnitude of the  Dutch-roll  peak  in  the [g] frequency  response, as can 

be  seen  by  comparing the  curves  for  cases A and D i n   f i gu re  2. These 
two cases  have  approximately  the same amount of  Dutch-roll damping, bu t  
t h e   e f f e c t  of  the  Dutch-roll mode on the  response  of  case D i s  much more 
important. The r e a s o n   f o r   t h i s   e f f e c t  can  be  seen  by r e c a l l i n g  that 

case A has a very low 1 for   the  Dutch-rol l  mode.  The numerator  of the 

t ransfer   func t ion  [t] i s  the  same as that i n  [t], and it contains a 

quadra t ic   fac tor   in  p which i s  exactly  the  Dutch-roll   quadratic which 
would result i f  only  the yaw and s idesl ip   equat ions were considered. 
This quadratic  gives  an  excellent  approximation  to  the  Dutch-roll  mode 
when such  coupling terms as the Kxz term and C term of  the yawing- 

moment equation are relatively  unimportant.   Therefore,   for  airplanes 
whose r o l l i n g  motion i s  l i t t l e  affected  by yaw and sideslip  motions,   the 

% 

I .. " "" 
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numerator  of  the  transfer  function [g] almost  vanishes when evaluated 

for   the   Dutch- ro l l   charac te r i s t ic   roo t .   S imi la r ly ,   in   ob ta in ing   the  

frequency  responses E] or  [&I, although  the  denominator  tends  to  get 

small a t  frequencies  near  the  Dutch-roll  frequency,  the  numerator  tends 
t o   g e t  small a t  the  same t i m e .  I n   f ac t ,   ve ry  l i t t l e  e r r o r   r e s u l t s  from 
simply  canceling  thy  Dutch-roll  quadratic  in  the  denominator  with  the 
quadratic  in  the  numerator.  Canceling  these  quadratics  and  ignoring  the 
s p i r a l  mode r e s u l t s   i n  an  equivalent   a i rplane  t ransfer   funct ion 

where  hr i s  the  dimensional  damping-in-roll  root. Comparison  of  equa- 
t i ons  (12) and (14)  shows that they  have  the same form; that is, 

[‘J P - a 
& = -. The difference i s  t h a t   t h e   r o l l i n g   i n e r t i a   i n   e q u a t i o n  (12) A 

i s  replaced by an   equiva len t   ro l l ing   iner t ia   in   equa t ion  (141, and the  
damping i n  r o l l  from the  rol l ing  equat ion  only i s  replaced by an  equiva- 
l e n t  damping i n  ro l l ,   a s   ob ta ined  from a l l  three equations  of  motion. 
For this   reason,   the   expression  in   equat ion (12) w i l l  be   cal led  the 
s impl i f ied   a i rp lane   t ransfer   func t ion  and  equation (14) w i l l  be  called 
the  equivalent   t ransfer   funct ion.  

Figure 3 shows a comparison  of t he  [&] frequency  responses  for  the 

complete  airplane,  the  equivalent  case,  the  simplified  case,  and  for  the 
inclusion of  an   auxi l ia ry  yaw-damper of  which the  equation o f  motion f o r  
the  rudder  deflection i s  

Inasmuch as t h i s  yaw damper has no l ags ,   t he   e f f ec t  of varying  the ga-in 
C1 i s  the same as varying  the yaw-damping term i n   t h e  yawing equation. 

Examination  of f i gu re  3 shows that the  introduction of  the yaw 
damper does  tend t o  remove the  Dutch-roll  peak  and  thus  yields a l e s s  
osci l la tory  rol l ing  response.  However, neither  the  equivalent  nor  the 
simplified  expression  gives a good approximation  for  cases B, C ,  o r  D. 
On the  other  hand,  ei ther one of  these  expressions  does  give a fa i r  
approximation t o  the roll response when a yaw damper i s  assumed except 
a t  the low frequencies.  For  case A,  e i t h e r  method of  simplifying  the 
airplane  transfer  function  gives a very good approximation.  There i s  
ac tua l ly  no v is ib le   d i f fe rence  between the  equivalent and s implif ied 
curves  in t h i s  case. 
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For  airplanes  like  case A, with  little  coupling  between  the  roll 
and  yaw-sideslip  motions,  there  is  very  good  cancellation  of  the  Dutch- 
roll  effects  in  the  roll  transfer  function,  and  this  transfer  function 
may  be  represented  by  a  very  simple  first-order  expression  in  p,  such 
as in equations (12) or (14) , When  the  coupling  is  more  important  as 
in  cases B, C, and D, the  use  of  a  yaw  damper  will  tend  to  remove  the 
Dutch-roll  effects,  and  the  first-order  expressions  will  provide  a  fair 
simulation  of  the  airplane  response.  On  the  basis  of  the  cases  presented 
here,  there seem to  be  no  advantage  to  using  the  equivalent  approxi- 
mation  instead of the  simplified  approximation. 

It  is  interesting  to  note  that,  although  case D has  yaw  damping  as 
good  as  case A and  less  than  cases B or C, it  requires  considerably 
more  yaw-damper  gain  to  remove  the  Dutch-roll  effects  than  any  of  the 
other  cases.  This  difficulty  arises  because  the  large  value  of  product 
of inertia in case D, which  stabilizes  the  Dutch-roll  mode,  also  changes 
both  the  frequency  and  damping so much  that  the  previously  mentioned 

81 

" 

cancellation  of  the  Dutch-roll  mode in 1 &I does  not OCCUT. Moreover, 

the  use  of  the yag damper  has  little  effect  on  the  poor  cancellation 
properties  yhich  are  caused  by  the  different  resonant  frequencies  in 

the  numerator  and  denominator  of IL]. Therefore,  the  use  of  product I &a 
of inertia  to  stabilize  the  Dutch-roll  mode  has  the  disadvantage  that 
it  introduces  a  large  component  of  Dutch-roll  oscillation  into  the  rolling 
motion.  For  case  D,  it  can  be  shown  that  the  amount  of yaw damping 
which is required  to  remove  the  Dutch-roll  oscillation  from  the  rolling 
motion  is  actually  larger  than  that  required  if KXZ had  been  zero. 

L 1  

L 

I j f :  The  curves  of 1 - 1  no  longer  seem  to  approach  a  constant  for low 
Sa ; 

values  of w when  the yaw damper  is  introduced,  especially  for  cases B, 
C, and  D.  This  condition  exists  because  the  yaw  damper  also  increases 
the  spiral  damping,  and  the  inherent  damping  in  roll  for  these  cases  is 
relatively  low.  It  can  be  shown  that,  when  the  required roll damping 

is added  in  cases B, C,  and D, the  magnitude of once  again  seems 

to  approach  a  constant  value  at low frequencies. 

Application  of  inverse  open-loop  analysis  to  compare  the  basic- 
control-system  response of the  airplanes.-  Although  the  frequency 

" 

responses I$-] give an adequate  picture  of  the  dynamic  characteristics 
of the  airplane  as  a  rolling  system,  it  was  pointed  out in the  section 
entitled  "Discussion  of  Roll-Control  System"  that  the  complex  plot 
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is  more convenient for   synthesizing a good rol l -control   sys-  

t e m .  Figure 4 shows th is   p lo t   for   the   four   cases   cons idered .  The con- 
t r o l  system  considered i s  the  basic  one with Gs = 1 presented  previously. 

Figure 5 shows a comparison for  each  case of the  complex p l o t s  of 

for  the  airplane  alone,  the  equivalent  case,  and the  a i rplane  with yaw 
damper. 

.[j 
When the  standard methods of analyzing  these  curves (see  ref. 1) 

are applied, it i s  clear   that   only  case A would y i e l d  a sa t i s fac tory  
response when the  basic  control  system  discussed  previously i s  used. 
In  par-t icular,   the  great  difference between the   e f f ec t s  of the Dutch 
r o l l  on cases A and D, although  both  have  the same Dutch-roll damping, 
i s  evident.  The undesirable  large  loop  in  the  curve  for  case D i s  
caused by the  Dutch-roll mode.  The curves of f igure  4 ind ica te   tha t ,  
for   case  A, with a gain K = 0.5, the  basic  system  should  have a good 
t rans ien t   response   to  a bank command with  overshoot somewhere between 
1.1 and 1 . 3  times the command value.  For  case D, there  i s  no way of 
choosing a desirable gain,  but K = 0.5 seems as good as any.  Fig- 
ure 6 shows a comparison of t he   t r ans i en t  command responses   for   these 
two cases.  This  comparison  clearly shows the   super ior i ty  of case A 
when only  the  basic  control  system i s  used.  Although th i s   supe r io r i ty  
i s  p a r t l y  due t o   t h e   b e t t e r  damping i n  roll of case A, the  product-of- 
i n e r t i a   e f f e c t  i s  also  important .   This   effect   can  be  seen  in   f igure 7, 
which shows t h e   e f f e c t  of the yaw damper when a l a r g e r  roll damping i s  
assumed i n  case D. The equivalent  approximation is  compared with  the 
three-degree-of-freedom  representation  with and without a yaw damper. 
The o s c i l l a t i o n  caused  by the  Dutch-roll mode i s  considerable. If 
there  were no product of iner t ia ,   the   use of the yaw damper would y ie ld  
a response similar to  the  equivalent  approximation,  but,  with  the  product 
of i n e r t i a ,   t h e  yaw damper has much less e f f e c t   i n  removing the 
o s c i l l a t i o n .  

The airplane  represented by case A has   excel lent   character is t ics  
as a component of a roll command system. From the  previous  discussion, 
the  important  properties seem t o  be  high damping i n  roll, high Dutch- 
r o l l  damping, and l i t t l e  coupling  between  the  rolling and yaw-sideslip 
motions. "he f a c t ,  however, tha t   case  A seems t o  have a very good roll 
response  with  only  the  simplest  type of roll-control  system  should  not 
be  taken t o  mean t h a t  such a simple roll system would r ea l ly   be   p rac t i -  
ca l .  The f l igh t   condi t ion   for   case  A i s  a t  a much lower a l t i tude   than  
cases C or D, and it i s  unl ike ly   tha t  an a i rp lane   f ly ing  a t  the a l t i -  
tudes common t o  present-day  interceptors  could  have  sufficient damping 
i n   r o l l  or Dutch-roll damping. Moreover, the   des tab i l iz ing   lags   inher -  
e n t   i n   t h e   c o n t r o l  and guidance  systems would probably  have t o  be com- 
pensated  for by s t ab i l i z ing   dev ices   i n   t he   ro l l - con t ro l  system. How- 
ever, it is  f e l t   t ha t   t he   gene ra l   conc lus ion  which may be drawn i s  t h a t  
such  an  airplane would simplify  the problems of the  control-system 
designer and possibly  decrease  the s i z e  and  complexity of the  necessary 
control  equipment. 
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Effects  of  roll-rate  and  roll-acceleration  feedbacks  on  the  response 
of  a  roll-command  system.-  The  discussion  of  airplane  rolling  character- 
istics  has  shown  that  by  proper  design  of an airplane  it  is  possible  to 
minimize  the  necessity  for  auxiliary  automatic-stabilization  in  the roll- 
command  system.  However,  since  it  is  unlikely  that  the  desired  stability 
can  be  obtained  at  high  speeds  and  altitudes,  the  possibility  of  auxil- 
iary  stabilizing  feedbacks  must  be  considered.  Suppose  that  roll-rate 
and  roll-acceleration  feedbacks  are  added  to  the  basic  system,  as  in 
the  following  block  diagram. 

Airplane 

@i. .T€ ?:i,i;.-.- Servo B 6a 4 

I i 
K ' p + K"p2 6 

I 

A qualitative  plcture  of  the  physical  effects  of  the  various  gains 
in  this  autopilot  may  be  obtained  by  neglecting  the  servo  lag  and  con- 
sidering  the  airplane  transfer  function  to  be  given  by  an  approximate 
second-order  expression,  as  in  equations (12) and (14) . If - 
- @ I =  A , the  open-loop  response  is 

.-% P(P + a) 

The  characteristic  equation of this  system  is 

Equation (17) shows  that  the  rolling  characteristics  of  the  system  are 
those  of  a  simple  damped  oscillator.  The  effect of acceleration  feed- 
back Kt'  is  to  introduce an increment  in roll inertia;  the  effect  of 
rate  feedback K' is  to  introduce an increment  in roll damping;  and 
the  sensitivity  gain K introduces a spring  constant  in roll which 
does  not  exist  in  the  airplane  alone.  The  effects  of  varying  these 
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three gains on t h e   s t a b i l i t y  of the roll-command system may therefore 
be  approximated  by  the well-known e f f e c t s  of varying  the  iner t ia ,  
damping,  and spring  constant of an o s c i l l a t o r .  

Equation (17) represents   the dynamics of what might  be  called  the 
roll-command mode. Actual ly ,   the   a i rplane  character is t ic  modes, of 
which the Dutch r o l l  i s  the most s ign i f icant ,  are a l so   p resent .  The 
e f f e c t s  of the Dutch r o l l  may be  minimized by adding yaw damping and 
by increasing  the  gains   in   the roll-command system.  For  example, f i g -  
ure 8 shows t h e  command responses  for  case D with K = 0.5 ,  2.0 and 10.0. 
The r e s u l t s  were obtained  with a Reeves Electronic Analog Computer (REAC) , 
and both - 

$1 
' and - are  shown as functions of time. A s  K increases,  

h 

The reason   tha t   the  Dutch r o l l  has   l e s s   e f f ec t  a t  high  gains  can 
be  seen i f  the Dutch r o l l  i s  considered as providing  dis turbing  rol l ing 
moments  on the   bas ic  roll-command system whose charac te r i s t ics   a re  
given by equation (17) . A s  the  spring i s  t ightened by increasing  the 
sens i t i v i ty   ga in ,   t he  motions  caused by the  disturbance  decrease. 

The s i g n i f i c a n t   e f f e c t s  of increas ing   the   sens i t iv i ty   ga in  or1 the 
command response are t h a t   t h e  speed of i n i t i a l  response i s  increased 
( t h a t  i s ,  the r ise time i s  decreased) ,   the   ini t ia l   overshoot   increases ,  
and the  frequency  and number of cyc le s   t o  damp t o  half-amplitude of the 
r o l l   o s c i l l a t i o n   i n c r e a s e .  The motions shown for   the  gains  K = 2.0 
and K = 10.0 in   f i gu re  8 are impractical ,  however, s ince   they   ca l l  
for   excessively  large  a i leron  def lect ions and v e l o c i t i e s .  For  example, 
i f  the command input  were a 60° bank,  even K = 2 would c a l l   f o r   s e v e r a l  
hundred  degrees  per  second of aileron  motion.  This  motion i s  f a r  beyond 
the   capab i l i t i e s  of present  servos and indicates  the  importance of a 
nonlinear  analysis which inc ludes   the   e f fec ts  of limiting  the  amplitude 
and rate of a i l e r o n  motion. The l inear   ana lys i s  i s  valuable  chiefly 
for   es tab l i sh ing   the   genera l   t rend  of t h e   e f f e c t s  of varying  the  gains 
but   g ives   re l iab le   resu l t s   on ly   for  low gains  and/or small disturbances.  

The e f f e c t  of rate feedback i s  t o  improve the damping of t h e   r o l l -  
command  mode, and the  value of K' really  determines  the magnitude 
of K which can  be  used. From equation (17) it can  be  seen tha t ,   s ince  
the   na tura l  damping of the  airplane i s  generally  very small f o r   t h e  
purposes of automatic   control ,   the   ra t io  K ' / K  determines  the damping 
r a t i o  of the roll-command mode.  The simple r e s u l t  i s  tha t   increas ing  
the  roll-rate  feedback  allows  the  use of a g rea t e r   s ens i t i v i ty   ga in .  
Figure 9 shows the   t rans ien t   response   for  K = 10 and IC' = 0.5 and 
may be compared wi th   f igure  8( c )   t o  show  how the  increased damping can 
enable  the  use of increased   sens i t iv i ty .  Although it i s  e n t i r e l y  



u n r e a l i s t i c   t o  assume tha t   the   a i le ron  motion  remains l i n e a r  a t  t h i s  
high  value of s ens i t i v i ty   ga in ,  it i s  in t e re s t ing   t o   no te   t he   r e l a t ive ly  
low value of r a t e  feedback which i s  needed to   s tab i l ize   the   h igh-ga in  
sys tern according to   the  l inear   analysis .   In   the  motions which w i l l  be 
presented later with  the rate limiting  included, it w i l l  be shown t h a t  
higher  rate  feedbacks  are needed t o   s t a b i l i z e  lower gain  systems. Addi- 
t i o n a l   e f f e c t s  of r a t e  feedback i n  connect ion  with  the  effects  of servo 
time l a g  w i l l  a l s o  be discussed later. 

A t  f i r s t  si&t, it would seem advisable   to   use  the  accelerat ion 
feedback t o  decrease   the   iner t ia  of the   ro l l ing   a i rp lane ,   s ince  it would 
seem t h a t  a dec rease   i n   t he   e f f ec t ive   i ne r t i a  would give more rapid 

response  with less overshoot. In f igure  10 the - ' -and - 'a t rans ien ts  
@i @i 

are shown for   case D with K = 5 ,  K' = 0.26, and  varying K". The 
motions  are shown f o r  K" = 0 and f o r  K" = fO.033. I n  order t o  appre- 
ciate  the  physical  importance of th i s   va lue ,  comparison  with  the  value 
which represents   the   iner t ia  of the  airplane  alone i s  made.  From 
equation (l'7), this   value of K" i s  O.&9 second-2. A value of K" 
of 0.035 therefore  represents an  increment of  more than  two-thirds  the 
n a t u r a l   i n e r t i a  of the  airplane.  Comparison  of the  three  motions shows 
tha t   fo r   t he   l i nea r  system  the  use of negative K" does  indeed improve 
the  response by decreasing  the  effect ive  iner t ia ,  whereas increasing 
the   e f fec t ive   iner t ia   causes  a slight  slowing up of the  response and a 
slightly  increased  overshoot.  However, it should  be  noted tha t   the   use  
of negative Kt' ca l l s   fo r   l a rge r  and much more rapid  aileron  motions 
and i n d i c a t e s   t h a t   m y   d i f f i c u l t i e s  which might arise when the  rate of 
a i leron motion i s  l imited would be exaggerated by the  use of negative K". 
On the  other hand, the  use of pos i t ive  K" would t e n d   t o   a l l e v i a t e   t h e s e  
d i f f i c u l t i e s ,   w i t h   l i t t l e   a d v e r s e   e f f e c t  on the  response. 

Effects  of f i r s t - o r d e r  time lag.- In  a l l  the  previous  discussions, 
t he   e f f ec t s  of lags  in  the  servo-control  system have  been  ignored. The 
e f f e c t s  of a so-called  "simple time lag"  in   the  a i leron  servo are 
obtained by consider ing  for   the  servo  t ransfer   funct ion 

The inverse  open-loop  response  then becomes 

I 
(1 + T ~ P )  + K'p + K"p2 J I 
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The complete t r ans fe r   func t ion   fo r  K[5] can be eas i ly   ob ta ined  
I #  

by  multiplying  the  inverse  airplane-alone transfer func t ions  shown i n  
f igures  4 and 5 by  the  factor  1 + -rsp t o   o b t a i n  the e f f e c t s  of the  
servo-lag  and  adding  the terms Kfp and Kf'p , which a f f e c t   t h e  imag- 
inary and real  par ts ,   respect ively.   Figure 11 shows t h e   e f f e c t s  of - T ~  

on the  airplane-alone complex p lo t s   fo r   ca se  A, which  has  enough  inher- 
e n t  damping t o   g i v e  a sa t i s fac tory   response  when the re  are no lags ,  and 
for   case C, i n  which the  inherent  damping i s  i n s u f f i c i e n t .  For  case C y  
a yaw damper with  gain C 1  = 0.6 has  been assumed in   o rde r   t o   e l imina te  
the  undesirable   Dutch-rol l   effects .  

2 

The e f f e c t  of the  servo time l ag  i s  des t ab i l i z ing .  For T~ = 0, 
both  cases are s t a b l e   f o r  any posi t ive  value of s ens i t i v i ty   ga in .  How- 
ever ,   the   inc lus im  of   the  time l a g  makes the complex plot  approach 
270' ins tead  of 180° as w becomes i n f i n i t e ,  and the  roll-command mode 
becomes uns tab le   for  any  value of K higher  than  the  magnitude of t he  
a b s c i s s a   a t  which the  curve  crosses  the real  a x i s   i n   f i g u r e  11. As  the 
time lag   increases ,   the  maximum stable  gain  decreases.   Figure l l ( a )  
shows t h a t  small time lags  have l i t t l e  e f f e c t  on a b a s i c a l l y  well-damped 
system in  the  important  frequency  range,  but  larger  lags are des t ab i l i z ing .  

In   o rde r   t o  compensate f o r   t h e   d e s t a b i l i z i n g   e f f e c t  of the time lag,  
it i s  r easonab le   t o   t ry   t o   i nc rease   t he  rate feedback.  Primarily,   the 
d e s t a b i l i z i n g   e f f e c t  of T~ appears i n   f i g u r e  11 as a lowering of t he  
ordinate  a t  each  frequency. From equation (19) it can  be  seen  that 
increasing K f  w i l l  r a i s e   t he   o rd ina te  a t  each  frequency by the  
amount K'co when the   subs t i t u t ion  p = i w  i s  made. 

Figure 12 shows t h e   e f f e c t  of vary ing   the   ra te   feedback   for  two 
values of time lag.  It might be  noted,  parenthetically,   that   the  curve 
f o r  T~ = 0.03, K f  = 0.1  i s  very similar t o   t h e   c u r v e   f o r  T~ = 0.03 
f o r  case A i n   f i g u r e  l l ( a ) .  The addi t ion  of a yaw damper  and some r o l l -  
rate feedback  has  therefore made the  response of case C very similar t o  
the  response of case A for   the  a i rplane  a lone.   This   type of r e su l t   has  
led some automatic-control   enthusiasts   to   bel ieve  that   the   aerodynamic 
s t a b i l i t y   c h a r a c t e r i s t i c s  of an  automatically  controlled  airplane are 
unimportant,  since g o d   s t a b i l i t y   c h a r a c t e r i s t i c s  can  be  obtained by use 
of additional  automatic  equipment. The trouble  with  this  approach i s  
t h a t  it can  cause  the amount of gadgetry  to  snowball  and  an  attendant 
increase  in  unproductive  weight and d e c r e a s e   i n   r e l i a b i l i t y .  However, 
i n   t he   p re sen t   i nves t iga t ion   t he   eng inee r ing   d i f f i cu l t i e s  which m i g h t  
be   involved  in   instal l ing  var ious  types of feedbacks  and  auxiliary  inputs 
w i l l  be  ignored. The primary  emphasis w i l l  be t o   p o i n t   o u t  what  advan- 
tages  various  types of gadgetry may provide. 
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The r e su l t s   p re sen ted   i n   f i gu re  12 show that a system  which  has 
been  destabilized by a large time lag  in   the  servo  can  be  s tabi l ized 
by using  roll-rate  feedback  alone. However, the  type of response  with 
the  combination of high  lag and rate feedback i s  somewhat d i f f e r e n t  
from the  low-lag  case. In the complex p lo ts   the   ch ie f   d i f fe rences  are 
the  high  peak which appears in  the  high-lag  case and t h e   f a c t   t h a t   t h e  

r 7  

curve  crosses  the real  axis a t  a smaller magnitude of R e  121 than for 

low time  lag. Thus, the  permissible   sensi t ivi ty   gains  are kept down, 
and the  closed-loop  frequency  response for a des i rab le   sens i t iv i ty   ga in  
s e t t i n g  would exhib i t  a pronounced d ip  a t  frequencies somewhat below 
the peak  frequency  and a sharper  peak;  thus,  there i s  an increased rise 
time and a tendency t o  high-frequency  oscillation. From equation ( 1 9 )  
it  can  be  seen t h a t  it might  be  desirable to   include  accelerat ion  feed-  
back K" when la rge  t i m e  l a g s   e x i s t .  The contribution of the  acceler-  
ation  feedback -Kiu2 would tend  to   increase  the magnitude of the real  
components of the complex p l o t .  The e f f e c t  would be t o  smooth out  the 
peak due t o  K' and a l s o  move the  crossing  point   fur ther   out  on the real  
axis ,  so that higher  gains may be  used.  For example, figure 13 shows 
the   e f f ec t  of acceleration  feedback  corresponding t o  an increase of 
e f f e c t i v e   i n e r t i a  on the  curve  with  the  highest 
parison of f igures  12 and 13 ind ica tes   tha t   the  
and acceleration  feedbacks  does a be t te r   job  of 
of high time l a g  and providing  the same type of 
obtained  for  the  low-time-lag  cases. 

Figure 14 shows a comparison  of calculated 

peak i n   f i g u r e  12. Com- 
combination of r o l l - r a t e  
cance l ing   the   e f fec ts  
complex p l o t  as was 

time h i s t o r i e s  of the 

command response - for   the   cases  of no acceleration  feedback and 

K" = 0.05, the complex p l o t s  of which are shown i n   f i g u r e  12. Sens i t iv i ty  
gains were chosen which would give  the same peak  amplitude i n   b o t h  fre- 
quency responses.  Figure 14 shows the  possible  advantage of using  accel- 
eration  feedback  along  with  the rate feedback t o  compensate f o r   t h e  time 
lag.  The e f f e c t s  of t he   d ip  and peak which occur i n  the frequency  response 
when only rate feedback i s  used  can  be  seen in   the   t rans ien t   response  as 
a d e l a y   i n   t h e   i n i t i a l  r ise and a high  frequency  oscil lation. The f a c t  
that   acceleration  feedback  has a bene f i c i a l   e f f ec t  on the  response of 
t he   l i nea r  system  with  time  lag i s  par t icular ly   interest ing  because it 
w i l l  be shown l a t e r   t h a t   t h i s   t y p e  of feedback i s  very  important when 
cont ro l - ra te   l imi t ing   ex is t s .  

fii 

In  pract ice ,  modern high-performance  servos  have low time  lags. 
The value of T~ = 0.07 second w a s  assumed for   the   inves t iga t ion  of the 
e f f e c t s  of a i le ron   def lec t ion  and veloci ty   l imit ing which was carr ied 
out on the REAC. The previous  discussion  has shown t h a t   t h i s  small time 
lag  has  no important   effect  on the  response  character is t ics  when the 
basic  system  has  satisfactory damping. It would therefore  seem unnecessary 
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to   cons ider ,   the   use  of rate or acceleration  feedbacks  to  counteract 
the  t ime-lag  destabi l izat ion.  However, o ther   par t s  of the  guidance 
system,  such as the  radar, computer, o r  noise f i l t e r ,  might e a s i l y  
have  time  lags  higher  than 0.3 second. Such t i m e  lags  have  been shown 
t o  have a very   s t rong   des tab i l iz ing   e f fec t  on the  system,  and i n   t h i s  
case  stabil izing  feedbacks would be  necessary. It should  be  noted, how- 
eve r ,   t ha t ,   i n   o rde r   t o   ge t   t he   r e su l t s  shown in   the   p rev ious   f igures ,  
the  feedback must be  applied a t  a point   before   the  par t  of the  system 

which has  the time lag.  For  example, l e t  G(p) = 'fi/~a] - represent  

the  airplane  transfer  function  with  servo  lag  included.  Consider a 
noise f i l t e r  placed  as  in  the  following  block  diagram,  with  extra 
s tab i l iz ing   feedbacks   fed   in   before   the  f i l t e r .  

1 + TSP 

F i l t e r  Amplifier Airplane-Semo - 
E " G F .  

> G -  4 z K  

- 
- 4 K ' p + K"p2 

P 

k' p + k"p2 

If the filter may be  represented by a simple-time-lag  transfer 

t 

function of the form + = , the  inverse  open-loop  transfer 

funct ion becomes 
1 + TFP 

It has  been shown tha t   the   se rvo  time l a g   i n  G(p) can  be compen- 
sa t ed   fo r  by use of K '  and K", e spec ia l ly   s ince   the   se rvo  time lag  
i s  small. Then the  inverse   t ransfer   funct ion of the  inner  loop 

rG-l(p) + K'p + K"p2 has a complex p lo t   ve ry   l i ke   t ha t  of the  no-lag 

system. From a comparison of equations (19) and ( 2 0 ) ,  it can  then  be  seen 
t h a t   k '  and k" w i l l  have the  same e f fec t   i n   e l imina t ing   t he   des t ab i -  
l i z a t i o n  caused  by the  time l ag  TF as K '  and K" had on the  desta-  
b i l i z i n g   e f f e c t  of T~ in  the  simpler  system.  Therefore,  the rate and 

-1 
- 
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acceleration  feedback  gains  k'  and k", which cont ro l   the   s tab i l iz ing  
feedback which comes in   before   the  f i l t e r ,  can be  used t o  compensate 
the   f i l t e r - t ime- l ag   e f f ec t   i n   exac t ly   t he  same manner as K' and K" 
were shown t o  compensate the  servo  t ime-lag  effect .  

Effect  of e r ror   in tegra t ion . -  None of the  systems  previously  dis- 
cussed  have  an  integrator  in  the  forward  loop,  and,  therefore,  they a l l  
have a small s teady-s ta te   e r ror   in   the  command and regulatory  responses. 
If an  in tegra tor  were placed  in   ser ies   with  the  amplif ier ,  it would 
introduce a destabi l iz ing  phase  shif t   very similar t o   t h a t  which occws 
f o r   t h e  f i l t e r  which has   jus t  been  discussed, when the  time  constant of 
t h e   f i l t e r  i s  very  large. It i s  possible  to  avoid  this  extreme  destabi-  
l i z i n g   e f f e c t  and s t i l l  r e t a in   t he   s t eady- s t a t e   e f f ec t s  of the   in tegra tor  
by placing it in   pa ra l l e l   w i th   t he   ampl i f i e r ,  as in  the  following  diagram. 

Amplifier 

T E 
- 

I n   t e  g a t  o r  

3 " KI - 
'I) 

I 

Here KI i s  the  integrator   gain.  

If we def ine o as t h e   r a t i o  of the   in tegra tor   ga in   to   the   sens i -  
t i v i t y   g a i n  K I / K  the  inverse open-loop t ransfer   func t ion  of t h i s  
system i s  

The e f f e c t  of introducing  the  integrator i s  to   mult iply  the  inverse  

open-loop t ransfer   func t ion  by the   f ac to r  - . A t  high  frequencies 

t h i s   f a c t o r  approaches  unity, and the   integrator   has  l i t t l e  e f f e c t .  A t  
low frequencies  the  combination of the  amplif ier  and in t eg ra to r   ac t s  
l i k e  a pure  integrator  so tha t   t he re  i s  no s teady-state   error .  There 
i s  no steady-state  angle of  bank i n  response t o  a constant  external 
r o l l i n g  moment e i t h e r ,  as can  be  seen  from  the  regulatory  transfer  function 

P +  0 
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Therefore,  the  system  with  the  integrator  has  regulatory  stability and 
zero  s teady-state   error   in  command response. 

However, the   in tegra tor   a l so   has  some undesirable   effects  on the  
command-response character is t ics .   Figure 15 shows the  inverse  open- 
loop  responses  for  case C with C 1  = 0.6, rs = 0.03, and K '  = 0, 0.1, 
and 0.3 and a l s o  shows the   e f f ec t  of increasing u on the two cases 
with  roll-rate  feedback. It can  be  seen tha t   i nc reas ing  0 i s  desta- 
b i l i z i n g  inasmuch as increasing d tends t o  make the  curves  approach 
the  curve  for  no rate feedback. Also, the  presence of the   in tegra tor  
causes a 90° phase s h i f t  of the  curves a t  frequencies  near  zero.  This 
change i n  phase  causes  the  reversed  curvature a t  low frequencies, 
which causes  the magnitude of the  frequency  response of the  closed-loop 
t ransfer   funct ion  to   increase  rapidly  f rom  uni ty  a t  very low frequencies.  

c - .  

The f a c t   t h a t   t h e  magnitude of remains  considerably  greater  than 

uni ty   to   very  low frequencies   indicates   that   in   the  t ransient   response 
@ w i l l  remain  greater  than 6-i f o r  a relatively  long  t ime.  That is ,  
the command response w i l l  tend t o  overshoot  and  approach fli ra ther  
slowly. 

It would seem that   the   re la t ive  importance of t he   e f f ec t s  of the  
in tegra tor  a t  low frequencies  can be decreased by using a higher combi- 
nation of K and K ' .  Figure 16 shows t h e   e f f e c t s  of u on calculated 
t r ans i en t s   fo r   d i f f e ren t  combinations of K and K ' .  The value of K = 0.5 
w a s  chosen f o r  K' = 0.1 in   o rder   to   g ive  a moderate  overshoot  response 
when u = 0. Because of the low gain and high yaw damping, the  steady- 
s t a t e   e r r o r  i s  somewhat over 1 percent .   Inser t ing  the  integrator ,   wi th  
values u = 0.5 and u = 1.0, the   resu l t s   p red ic ted  from f igure 15 may be 
observed: t h a t  i s ,  the  overshoot  increases,  the  response i s  s l i g h t l y  
more osc i l la tory ,  and the  response-time i s  increased. For the  higher 
value of damping feedback K' = 0.3, the  value K = 2.8 gives  approxi- 
mately the same overshoot as i s  obtained  with  the  lower  values of K 
and K' when u = 0. When u = 0.5 i s  introduced,  the  overshoot i s  
less than  %hat  in  the  low-gain  case and the  re turn i s  considerably more 
rapid.  Thus, the  adverse  low-frequency  effects of the  integrator  do 
seem l e s s  troublesome when higher   sensi t ivi ty   gain i s  used. 

For the  purpose of improving the command response, it i s  c l e a r   t h a t  
the  integrator  has a harmful   effect ,   s ince it introduces  an  overshoot. 
Tl-le i n t e g r a l  i s  basical ly   useful   to   e l iminate   bias   errors ,   such as might 
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a r i s e  from a s teady  dis turbing  rol l ing moment.  The s teady-state  command 
er ror  may a l s o  be in te rpre ted   as  a bias   error .   Since  these bias e r r o r s  
may theore t ica l ly  be made negl igible  by the  use of higher  gains, it 
would seem tha t  the use of an  integrator  introduces  unnecessary  diffi-  
c u l t i e s .  However, in   the  presence of noise  the  use of high  gains i s  
known t o  be undesirable. The integrator ,  on the  other hand, has  the 
desirable  property of tending t o   f i l t e r   t h e   n o i s e ,  and the  undesirable 
property of tending  to   saturate   in   the  presence of cer ta in   types of 
noise.  This problem of deciding  between  the  use of  an in tegra tor  or 
high  gain i s  a general  one which a r i s e s   i n   t he   des ign  of a l l  l i n e a r  
automatic  control and  guidance  systems. Inasmuch as it depends b a s i c a l l y  
on the  noise  properties of the  system, it i s  outside  the  scope of t h i s  
paper. However, the results presented  in   f igure 16 ind ica te   tha t ,  when 
an  integrator i s  used i n  a roll-control  system, it may be  necessary t o  
a l s o  use somewhat higher   gains   in   order   to   decrease the overshoot  and 
slow return  caused by the  integrator .  Thus, some of the  desirable  
properties of the   in tegra tor   wi th   respec t   to   no ise   e f fec ts  may be  null-  
i f i e d  i f  it i s  des i r ed   t o  have a rapid  response. 

Analysis of Results, With Particular  Reference 

to   E f fec t s  of Control  Limiting 

The equations of motion of the  roll-control  system were simulated 
on the REAC by analoging  the  lateral   equations of airplane  motion, 
given in   equat ions (5 ) ,  (6), and (7), together  with  the  following  aileron 
control  equation  for  the  no-limiting  condition 

n t  
K t @  - 

The voltages  corresponding  to  the rate of a i l e r o n  motion  and the   a i le ron  
def lect ion i tself  could  be  limited on both  the  posit ive and negative 
s ides .  The analog of the   l imi t ing  mechanism corresponded t o  a servo 
which did  not  have a "wind-up" cha rac t e r i s t i c ;   t ha t  i s ,  as ide from the  
time l ag   i n   t he   s e rvo ,  it was assumed tha t   t he   a i l e ron  came off  the 
limits immediately when the   input   vo l tage   to   the   se rvo  became less than 
the  l imiting  value.  

When limits a re   app l i ed   t o   t he   a i l e ron   de f l ec t ion  and rate, the  
l i n e a r   d i f f e r e n t i a l   r e l a t i o n   g i v e n   i n   e q u a t i o n  (23) i s  replaced by a 
nonlinear  relationship.   Therefore,   the  effects of t h e  limits on the  
dynamic response  of  the  system  depend d i r e c t l y  on such things as the  
r e l a t i o n  between the  magnitude of the  input  and the  magnitudes  of  the 
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limits, and on t h e   r e l a t i o n  between the  magnitudes  of  the rate and 
def lec t ion  limits. It is  c l e a r   t h a t   f o r  small enough commands the  
l inear   response will always  be  obtained. Moreover, the  response  for  
an  input  with limits 6aL  and 6aL w i l l  be   exact ly  similar t o  

the  response  for   an  input  k& with limits k6aL  and  k6aL  where  k 

i s  an  arbitrary  constant.   This  can  be  seen by consider ing  that   the  
analog of the  two problems  could be made i d e n t i c a l  by a simple change 
of s ca l e   f ac to r .  By t h i s   r u l e ,   f o r  example, the   response   to  a command 
@i = 60' with &aL = 20°, and 6aL = 120° per  second i s  exact ly   s imilar  

t o  the  case of = 30 , 6aL = loo, and 6aL = 60' per second. Ln 
s e t t i n g  up the  problems it was assumed t h a t   t h e  command was a 60° bank 
angle,   and  the  l imiting  values are r e l a t e d   t o   t h i s   s p e c i f i c  command. 
The motions  presented  for  the 60° bank command were considered  to  be 
representative  of  those which  would be   ob ta ined   in   response   to   fa i r ly  
l a rge  bank commands with  the  given limits. 

0 

Figure 17 shows t h a t ,  when a fairly  high  forward  loop  gain i s  used 
in   an   a t tempt   to   ge t   rap id   response ,   even   re la t ive ly   h igh   cont ro l   l imi t s  
can  have a cons iderable   e f fec t  on the  system  response. The a i rp lane  
simulated i s  case A. Figure l7(a) shows the   p rac t ica l ly   l inear   response  
obtained when the   cont ro l  limits are   set   very  high.  The response i s  
rap id  and wel l  damped. Figure  l7(b) shows the  response  for  limits 
6aL = 20' and 6aL = 120' per  second.  Although t h i s  rate limit i s  

considerably  higher  than  the maximum rates avai lable   with  present   servos,  
it i s  seen  that   the   l imit ing  causes  some osc i l la t ion   in   the   response .  
Since  rate  feedback is  general ly   considered  the  basic   s tabi l iz ing  feed-  
back, K '  w a s  increased, and the  motion shown i n   f i g u r e   l 7 ( c )  was 
obtained. This motion i s  seen   to  be considerably more s t ab le  and 
genera l ly   sa t i s fac tory .  However, it should  be  noted  that   there s t i l l  
remains some l imit ing  osci l la t ion,   even  though  the  ra te   feedback i s  
now far   h igher   than  would be  considered  necessary  from a l inear   ana lys i s .  

The  command response   in   f igure  18(a) shows what  happens when the  
same autopi lot   wi th   the same limits i s  appl ied  to   case C. Since  the 
value of (I i s  l / 3  in   t h i s   ca se ,  and the  rate feedback i s  high,  the 
resu l t s   p resented   in  figure 16 ind ica t e   t ha t  a l inear   ana lys i s  would 
predic t  a very w e l l  damped motion.  Because of the  limits, a neut ra l ly  
s t a b l e   o s c i l l a t i o n   a c t u a l l y   r e s u l t s .  The records of &a and 6, show 
t h a t   t h i s   o s c i l l a t i o n   i s - c a u s e d  by the   l imi t ing  of t he   a i l e ron  rate. 
Although  the  record of 6a shows i t s  l imit ing  value  ra ther   than  zero 
when  6, i s  l imit ing,   the   t rue  value w a s  ac tua l ly   used   in  computing 6,. 

Physically,  it would be  expected  that   l imiting  the  control rate would 
be des tab i l iz ing ,   s ince   cont ro l - ra te   l imi t ing   in t roduces  a l a g   i n   t h e  
control   motion  cal led  for  by the  l inear  equations.   Figures  18(b) and 18( c) 
show tha t   increas ing   the  rate feedback is  not   bas ica l ly   the   bes t  method 



of el iminat ing  the  ra te- l imit ing  osci l la t ion.  Although the   o sc i l l a t ion  
i s  s t a b i l i z e d  by r a t e  feedback,  even  the  use of  extremely  high rate 
feedback  which  slows up the  response  very much does  not  succeed i n  
e l iminat ing  the  ra te- l imit ing  osci l la t ion.  

Figure 19 shows the   r e su l t s  of varying  the  control limits. I n  
f igure  l9(a) the command response i s  shown f o r   t h e  same au top i lo t   t ha t  
was used in   f igure   18(b)   except   tha t   the  rate l i m i t  i s  increased  from 
120' per  second t o  180° per  second. The r e s u l t  i s  a considerable 
improvement i n   t h e   s t a b i l i t y  of the  l imit ing  osci l la t ion  because of 
the  decrease  in   the amount of lag  caused by rate l imit ing.  Although 
the   e f f ec t s  of varying  the  control-rate  l imit  seem t o  correspond t o  
varying  the  effect ive  lag  in   the  rol l -control   system,  the  var ia t ion  of  
the  control-deflection l i m i t  would seem t o  correspond t o  varying  the 
effective  forward-loop  gain. The response shown i n   f i g y r e   l g ( b )  shows 
t h e   e f f e c t  of  changing the limits t o  EaL = loo and  6aL = 120' per 

second. The motion i s  ac tua l ly  less osc i l l a to ry   t han   t ha t  shown i n  
f igure  l 9 (a ) .  Therefore,  the  undesirable  oscillation  caused by rate 
limiting  can  be  decreased  simply by decreasing  the  def lect ion limit. 
The wors t   condi t ion   for   the   s tab i l i ty  of t he   r a t e - l imi t ing   o sc i l l a t ion  
can  be  seen t o  be t h a t  which  combines low rate limits with  high  deflec- 
t ion  limits. This r e s u l t  i s  reasonable,   since  this  condition  corre- 
sponds to   the  use of a high  effect ive  gain  with a high  effect ive  lag,  
both of which  should  be  destabilizing. The s t a b i l i z i n g   e f f e c t  of lower 
def lec t ion  limits has  previously  been shown in   r e f e rence  3. 

Figure 20 shows t h e   r e s u l t s   f o r   t h e  same case  with a more r e a l i s t i c  
r a t e  limit gaL = 40' per  second.  Although  the limit 6aL = 10' now 

g ives   neu t r a l   s t ab i l i t y ,  as shown in   f igure   20(a) ,   the  motion may again 
be s t a b i l i z e d  by decreasing  the l i m i t  t o  6aL = 5 O ,  as shown i n   f i g -  

ure  2O(b). The method of s t ab i l i z ing   t he   l imi t ing   o sc i l l a t ion  by lowering 
the  def lect ion limit i s  general ly   unsat isfactory,  however, because t h i s  
essent ia l ly   decreases   the  control   effect iveness  a t  l a rge   e r ro r s  and  slows 
up the  response.  Although  the  slow-up i s  ra ther  small fo r   t he   a i rp l ane  
i n  case C, probably  because of the  low r o l l i n g   i n e r t i a  of th i s   case ,  it 
i s  generally much more pronounced.  Figure 21 shows t h e  pronounced  slow 
up f o r  a typical  control  system  with  case A, f o r  example, when the 
s t a b i l i t y  of the   l imi t ing   osc i l la t ion  is  improved by decreasing  the 
control-deflection limit. Generally,  the method of decreasing  the 
def lec t ion  limit t o   s t a b i l i z e   t h e   l i m i t i n g   o s c i l l a t i o n  was found t o  be 
inef f ic ien t ,   s ince   the  loss of control  effectiveness  caused  the  type 
of slow-up response shown i n  figure 21(b). 

The method of s t a b i l i z i n g   t h e   l i m i t i n g   o s c i l l a t i o n  which was found 
t o  be  extremely  effect ive  in  a l l  cases was the  use of rol l -accelerat ion 
feedback.  Figure  22(a),  for example,  shovs t h e   e f f e c t  of accelerat ion 
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feedback  with K" = 0.1 on  the  neutrally  stable  system  of  figure 18( a) . 
The  use  of  the  acceleration  feedback  in  every  case  resulted  in  a  smooth 
motion  with  the  limiting  oscillation  completely  suppressed.  The  com- 
plete  elimination of the  sawtooth  aileron  oscillation  which  occurred 
in  figure 18( a) should  be  noted.  It  was  found  that  a  relatively  wide 
range  of  acceleration-feedback  gain  yielded  smooth  responses  without 
appreciably  slowing  up  the  response  in  cases  where K" = 0 gave  a 
limiting  type  of  oscillation.  However,  the  use  of  excessive  acceleration 
feedback,  because  of  the  very  large  increase  in  effective  inertia,  caused 
a  slower  response  and  a  sluggish  oscillation.  For  example,  figure  22(b) 
shows  the  motion  when  the  acceleration  feedback  in  figure  22(a)  is  doubled. 
It  can  be  seen  that  a  slow,  large  amplitude  oscillation  is  developing. 

The  main  effects  of  the  integral  gain  described  in  the  linear 
analysis  were  basically  unchanged  when  the  runs  with  control  limiting 
were  made.  As  shown  in  figures 15 and 16, the  only  effective  method 
of  decreasing  the  overshoot  arising  from  integral  gain  was  found  to  be 
the  use  of  higher  combinations  of K and K ' .  Also,  the  steady-state 
command  errors  without  the  integral-gain  were  not  found  to  be  signifi- 
cant,  especially  for  high  forward-loop  gains.  The  integral  gain  might 
be  desirable,  however,  to  give  the  system  regulatory  stability,  that 
is,  a  self-trimming  property.  Figure 23 presents  typical  regulatory 
responses,  which  show  that  increasing  the  integral  gain  from KI = 1 
to KI = 5 makes  the  self  trimming  occur  much  more  rapidly.  The  motions 
are  in  response  to  a  steady Cl = 0.01, which  corresponds  to 6ao = 8' 
for  case  A.  From  equation (4), this  system  (with K = 3) would  have  a 
steady  error = 2.5O, if no  integral  gain  were  used.  The  motions  in 
figure 23 show  that KI = 1 gives  a  rather  slow  correction  of  this 
error,  whereas KI = 5 gives  a  very  rapid  correction.  Excessive  inte- 
gral  gain  caused  an  oscillatory  response. 

Although  the  presence  of  the  control  limits seem to  have  no  criti- 
cal  effect  on  the  regulatory  properties  of  the  integral  gain,  the  inte- 
gral  gain  can  have  a  very  strong  destabilizing  effect  on  the  limiting 
oscillations  in  command  responses.  This  effect  of  increasing  the  inte- 
gral  gain  is  most  evident  when  the  limiting  oscillation  was  originally 
marginally  stable.  Figure  24(a)  shows  the  command  response  corresponding 
to  figure  23(a) , qith KI = 1, 6 = 20°, and haL = 40° per  second; 
and  this  response  appears  to  be  stable  but  very  oscillatory.  Figure 24(b) 
shows  the  violent  limiting  instability  which  occurs  when  the  integral 
gain  is  increased  to  KI = 5. In order  to  verify  that  the  instability 
is  not  caused  by KI alone  but  rather  by  the  effect  of KI on  the 
limiting  oscillation,  figure  25(a)  shows  the  response  of  the same system 
with  high  limits.  The  motion  appears  to  be  very  stable  and  satisfactory. 
On  the  other  hand,  figure  25(b)  shows  the  response  for KI = 0 which 

"L 
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resembles  closely  the  response  for KI = 1 Thus, moderate  values of 
in tegra l   ga in  have l i t t l e   e f f e c t  on l i m i t i n g   s t a b i l i t y  whereas large 
values   cause  violent   instabi l i ty .  It i s  not   l ikely,  of course, that  
such  high in tegra l   ga ins  would be necessary  since it i s  probable t h a t  
the  type of regulation  for  steady  out-of-trim moments  shown i n   f i g -  
ure 2;5(a) would be s a t i s f a c t o r y .  The motions i n   f i g u r e s  24 and 25  show 
that   the   a t tempt   to   obtain  rapid  regulat ion by use of high  integral   gain 
would grea t ly   increase   the   l imi t ing-osc i l la t ion   d i f f icu l ty .  

The e f f e c t s  of time  lag  predicted from the   l i nea r   ana lys i s   a l so  
xere   basical ly  unchanged when limiting  occurred. For  example, f igure 26 
shows that  the  use of ra te   feedback   tends   to   s tab i l ize   the   osc i l la t ion  
caused by time lag,  but  that  the  combination of r a t e  and accelerat ion 
feedback  gives   bet ter   resul ts .  The motions i n   f i g u r e  26 are   for   case C 
and agree  with  the  results shown fo r   t he   l i nea r   ca se   i n   f i gu res  13 and 14. 
I n  general, good resu l t s   in   s tab i l iz ing   the   t ime- lag   e f fec t   for   cases  A 
and D were obtained  with  rate  feedback  alone. The use of accelerat ion 
feedback w a s  probably more important i n  case C because of the low r e l a -  
t i v e   r o l l   i n e r t i a  of t h i s   ca se .  

The des t ab i l i z ing   e f f ec t  of increased  time  lag w a s  more evident a t  
low gains  than a t  high  gains, as shown i n   f i g u r e  27 for   case A. This 
r e s u l t  seems to   con t r ad ic t   t he   e f f ec t  found in   t he   l i nea r   ana lys i s ,   t ha t  
high  gains  tend  to  cause  oscil latory  instabil i ty  in  the  presence of time 
lags .  Hoyever, i n  f igures  27( c) and 27(d) a very  high  value of rate 
feedback i s  used t o  s tab i l ize  the   ra te - l imi t ing   osc i l la t ion ,  and t h i s  
high  rate  feedback  counteracts  the  t ime-lag  effect .  In f a c t ,  when the 
l inear  open-loop p lo t s   a r e  drawn for   the  cases   in   f igures   27(c)  and 27(d),  
t he   e f f ec t  of the  increased  time  lag i s  found t o  be small i n   t he  impor- 
tant  frequency  range  because  the  system i s  very much overdamped by the 
large amount of rate  feedback.  Also,  the small high  frequency  oscil la- 
t ion  in   f igure  27(d)   appears   to  be  caused by the  lack of accelerat ion 
feedback. 

These r e s u l t s   a g a i n   i l l u s t r a t e   t h e   s i m i l a r i t y  between ai leron-rate  
l imit ing and effective  t ime  lag.  Although  the  l inear  analysis showed 
t h a t  the des t ab i l i z ing   e f f ec t  of time lag  i s  primarily improved by r o l l -  
r a t e  feedback and t h a t  some acceleration  feedback  has a favorable   effect ,  
the REAC r e s u l t s  show tha t   r a t e - l imi t ing   i n s t ab i l i t y  i s  primarily 
improved by acceleration  feedback and tha t   ra te   feedback  can a l s o  be 
helpful .  It would seem, therefore ,   tha t  good results  could  be  obtained 
for  both  t ime-lag and ra te - l imi t ing   e f fec ts  w i t h  a feedback  network con- 
s i s t i n g  of a r a t e  gyro with  lead o r  an  angular  accelerometer  with  lag. 

The motions i n   f i g u r e  27 a l s o   i l l u s t r a t e   a n o t h e r   i n t e r e s t i n g   r e s u l t  
which w a s  ev ident   in  a l l  the runs taken on the REAC. It can  be  seen 
tha t   t he   h igh - sens i t i v i ty   ca ses   i n   t h i s   f i gu re  do not  have a f a s t e r  rise 
time than  the  low-sensit ivity  cases.  The reason i s  obvious when the 
6a  motion i s  examined. Even the  low-gain  case  causes  the  aileron t o  
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go against   the   s tops a t  i t s  maximum rate so tha t   no  more rapid rise time 
could  possibly  be  obtained  with  these limits. Therefore, it would seem 
des i rab le   to   use   the   lowes t   sens i t iv i ty   ga in   (wi th   assoc ia ted   auxi l ia ry  
,gains)   that  would cause   the   a i le ron   to  move a t  maximum velocity  through- 
out   the   ac t iva t ing   pu lse   for   l a rge   inputs .  In  th i s   case   there  would be 
l i t t l e  tendency t o   r a t e - l i m i t i n g   i n s t a b i l i t y ,  and the  required  gains 
would be  c lose  to   those  predicted from a l inea r   ana lys i s .  In  this   a lmost  
l i n e a r  system,  the rise and response  times would be   p rac t i ca l ly   t he  same 
f o r  any  magnitude  of command. Examples  of the  desirable   type of cont ro l  
motion for  various  limiting  combinations  are shown i n   f i g u r e s  l g ( b ) ,  21(b) , 
and 26(a).   In  these  cases,  a smooth,  low-overshoot  response i s  obtained 
for   the   l a rge  command input .  

However, i t  i s  obvious  that   th is   type G f  system would not  be optimum 
since it requ i r e s   j u s t  as long t o  r o l l  through a small angle as through 
a large one (as do a l l  linear  systems) . The  maximum capab i l i t i e s  of the  
system  are   ut i l ized  only  for   large commands. This  objection  can  be  partly 
overcome by using  higher  gain  combinations, which  would provide  the 
desired  nonl inear   control   motions  for  a larger  range of commands, and 
inh ib i t ing   the   t endency   to   l imi t ing   osc i l la t ions  by means of accelerat ion 
feedback.   Pract ical ly  however, there  would be limits t o   t h e  use  of  high 
gains  because  the  use of too  high an acceleration  feedback  eventually 
causes a slow-up of the  response  and  also  because of n o i s e   d i f f i c u l t i e s  
with  high  gains. 

The above considerations,  however, suggest an e n t i r e l y   d i f f e r e n t  
approach t o  the  control  problem. It may be  possible  to  determine  the 
desired motion by some approach  which  ignores  the  use of gains or feed- 
backs  ent i re ly .  It seems physically  obvious  that   the  control motion 
needed i s  an a i l e ron   pu l se   t o  start  t h e   r o l l i n g  and a reverse   pu lse   to  
s top   the   ro l l ing  when the  proper  angle i s  reached. If it i s  assumed 
tha t   t he   a i l e ron   s e rvo  i s  velocity-limited,  it seems reasonable   that   the  
most rapid  response would be  obtained if  the   cont ro l  were moved a t  maxi- 
mum velocity  throughout  the  motion. The des i red   cont ro l  motion would 
then  consist  of two triangular  pulses,   very much l i k e   t h a t  shown i n  
figure 26(a).  For some conditions one or both  t r iangular   pulses  m i g h t  
be  truncated, as i n  figure lg (b ) .  With th i s   t ype  of cont ro l  motion 
assumed, it i s  only  necessary  to  calculate  the  t iming  parameters of 
the  a i leron  pulse  as a funct ion of input command magnitude. In  an 
unpublished  analysis,   this  has  actually  been done  by  using  the  simpli- 
f i e d   r o l l   t r a n s f e r   f u n c t i o n .  Such a system is  completely  nonlinear 
and  open-loop,  although  the  loop  could  be  closed after each  aileron 
pu l se   t o  sample the   e r ro r .  A more complete  discussion would be  out 
of p lace   in   the   p resent   paper ,   bu t   th i s   b r ie f   descr ip t ion   has   been  
presented  for  two reasons .   F i r s t ,  it ind ica t e s   t ha t  it may be  possible 
t o  use  nonlinear  systems which take  advantage of the   ra te - l imi t ing  
property which is  so troublesome in  l inear  systems.  Secondly,   this type 
of  system  might be used f o r   l a r g e   r o l l  commands in  conjunction  with a 



" 

NACA RM L55E18 31 

l i n e a r  system f o r  small commands. By using  the  l inear  system  for small 
commands only, it becomes much simpler to   des ign  a high-sensi t ivi ty ,  
rapid-response  system  without  gett ing  involved  in  l imiting  difficult ies.  

CONCLUSIONS 

The dynamic charac te r i s t ics  of several  modern high-speed  fighter 
airplane  configurations as automatic  roll-controlled  systems have  been 
compared. The type of autopilot   investigated was a proportional-gain 
au topi lo t   tha t   cont ro l led   the   e r ror   in  bank  angle. It was found t h a t  
there  were important  differences i n  the dynamic c h a r a c t e r i s t i c s  of these 
airplanes as roll-controlled  systems.  Desirable  airplane-stabil i ty 
c h a r a c t e r i s t i c s  were found t o  be  high damping in   ro l l ,   h igh   Dutch- ro l l  
damping, and l i t t l e  coupling  between  the  rolling and yaw-sideslip  motions. 
Incl inat ion of the   p r inc ipa l   ax is   to   the   f l igh t   pa th   in   o rder   to   s tab i l ize  
the  Dutch-rol l   osci l la t ion  has   the  undesirable   property  that  it introduces 
a large component of Du tch - ro l l   o sc i l l a t ion   i n to   t he   ro l l i ng  motion. 

The e f f e c t  of the  forward loop (o r   s ens i t i v i ty )   ga in  i s  t o   i n t r o -  
duce a spring-constant  type of moment which r e s u l t s   i n  a charac te r i s t ic  
o s c i l l a t i o n   i n   r o l l .  The ro l l - ra te   feedback   ga in   s tab i l izes   th i s  
o s c i l l a t i o n .  Time lags   in   the  control   system  are   destabi l iz ing,   but  
the  effect .  of a simple time lag  can  be  very  well compensated f o r  by the 
use  of a combination of rate and acceleration  feedbacks. 

Unless  an  integrator i s  included in  the  forward  loop,  there w i l l  
generally  be small s teady-state   errors   in   both  the command and regula- 
tory  responses. The inclusion of an integrator ,  however, tends t o  
des t ab i l i ze   t he   ro l l i ng   o sc i l l a t ion  and cause a la rge   in i t ia l   overshoot .  
These e f f e c t s  may be  decreased by simultaneously  increasing  the  sensi- 
t i v i t y  and rate-feedback  gains,  but some overshoot i s  inevitable  with 
a system  including  an  integrator. 

From the comparison  between the  resul ts   obtained on the Reeves 
Electronic Analog Computer i n  which the   def lec t ion  and rate of deflec- 
t i o n  of the   a i le rons  were both  limited and t h e   r e s u l t s  of l inear   ana lys i s ,  
it seems tha t   the   def lec t ion  limit acts  roughly as a limit of the  forward- 
loop  gain i n  a l i n e a r  system and the   r a t e  limit acts  roughly as a time 
lag.  The r a t e  limit introduces a tendency to   neu t r a l ly   s t ab le   o sc i l l a -  
t i o n s   i n   t h e  system i n  which the  ailerons  perform a sawtooth  osci l la t ion 
a t  a maximum rate. The use of a small amount of acceleration  feedback 
was found t o  be  very  effect ive  in   e l iminat ing  this   osci l la t ion  without  
slowing up the  response  considerably. The use  of rate feedback  and  the 
decrease of the   def lec t ion  limit were a l s o  found t o  be   he lp fu l   i n  elim- 
inat ing  ra te- l imit ing  osci l la t ion.  The introduction of r e l a t ive ly   h igh  
integral   gain,   such as would be  required  to   obtain  rapid  regulatory 
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response ,   caused   the   ra te - l imi t ing   osc i l la t ion   to  become v io l en t ly  
unstable.  However, smaller amounts of integral  gain  had l i t t l e  e f f e c t  
on the   l imi t ing   o sc i l l a t ion .  

With con t ro l   l imi t ing ,   t he   ab i l i t y   t o   ob ta in  faster response  by 
inc reas ing   t he   s ens i t i v i ty   ga in  i s  l imited.  Moreover, l a r g e   s e n s i t i v i t y  
ga ins   increase   the   t endency   to   l imi t ing   osc i l la t ion   for   l a rge   inputs .  
If too  large  sensi t ivi ty   gains   are   used,  it i s  therefore   necessary  to  
use  considerably more rate  feedback  than would be  predicted  from a 
l inear   ana lys i s ,   in   o rder  t o  s tab i l ize   the   sys tem  for   l a rge   inputs .  
The system  then  tends t o  be  too slow in   the   l inear   range   wi th  small 
inputs .  The sensi t ivi ty   gain  should  therefore   not   be  s o  la rge  as t o  
require   ( in   the  presence of cont ro l - ra te   l imi t ing   for   l a rge   inputs )  
considerably more rate feedback  than is  predicted as desirable  from a 
l inear   ana lys i s  . 

Langley  Aeronautical  Laboratory, 
National  Advisory Committee for  Aeronautics,  

Langley Field,  Va., May 17, 1955. 
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TABL;E I. - MASS AND AERODYNAMIC PARAMETERS FOR 

FLIGHT CONDITIONS CONSIDERED 

&ch  Number 
Altitude , f t 
V, ft. sec-1 
s, f t 2  
b, ft 

V/b sec'l 1 cL 
hl 

IX, slug-f  t 2 

Iz, slug-f t2 

1 I=, slug-ft 2 

cnr 

i 
I 

, T1/2, sec;  spiral  mode 
T1/2, sec;  damping-in-roll 
T1/2, sec;  Dutch-roll 
'P, sec; Dutch-roll 
la/PI 

Case  A 

0.9 
20,000 

933 
288 
37 

25.2 
0.084 

30.8 

7,160 

22,900 

4 14 
-0.19 

-0.024 
0.012 
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Figure 1.- Rolling and s i d e s l i p  motions of cases A, B, C, and D i n  
response t o  an i n i t i a l   s i d e s l i p   d i s t u r b a n c e .  
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Figure 2. - Frequency  responses for  the  four  airplane  configurations.  
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(a)  Case A. 

Figure 3.- Effect  of yaw  damper  on  frequency  response  in roll and 
comparison  with  one-degree-of-freedom  approximations. 
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Figure 3 .  - Continued. 
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Figure 3.- Concluded. 
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Figure 4.- Inverse  open-loop complex p l o t s  for t h e  f o u r  airplane  configu- 
ra t ions .  Numbered poin ts  on a l l  complex p lo ts   ind ica te   va lues  of o 
at each  point. 



(a )  Case A .  

Figure 5.- Comparison of inverse open-loop complex p l o t s  f o r  each 
airplane  configuration  alone,  airplane  with yaw damper, and 
equiva len t   approxht   ion .  
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Figure 3 .  - Continued. 



3.0 

2.5 

ZG 

_j 

01 
- 2.0 - L 5  -LO -. 5 0 .5 L O  20 
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Figure 5.- Concluded. 
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Figure 6. - Comparison of command responses of cases A and D wi th   the  
simplest  control  system. K = 0.3. 
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Figure 7.- Transients  showing r e l a t i v e   l a c k  of effect iveness  of yaw 
damper in   e l imina t ing   Dutch- ro l l   osc i l la t ion   for   a i rp lane   wi th  
la rge  sz. Case D with  increased r o l l  damping and K = 1. 
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Figure 9.- Command  response of case D f o r  K = 10 and K t  
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= 0.5. 
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Figure 11.- Effect  of  servo  time lag on  inverse  open-loop  complex  plots. 
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Figure 11.- Concluded. 
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Figure 12.- Correction of t ime-lag  destabil ization  by  rate  feedback. 
Inverse open loops for   case C with C 1  = 0.6. 
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Figure 13.- Correction of time-lag  destabilization by combined  rate  and 
acceleration  feedbacks.  Inverse  open loops f o r  case  C with C1 = 0.6, 
K' = 0.5, and T~ = 0.3. 
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Figure 14.- Effect  of  acceleration  feedback  on  command-response  transient 
at optim gain.  Case  C  with C1 = 0.6, K' = 0.5, and T~ = 0.3. 
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Figure 15.- Effec t   o f   in tegra tor   ra t io  u on  inverse  open-loop  responses 
f o r   d i f f e r e n t  amounts  of r a t e  feedback. Case C with -rS = 0.03 and 
c1 = 0.6. 
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Figure 17.- Transients showing that even h igh   ra te  limits may introduce 
osci l la t ions  and that rate-feedback m y  be  helpf'ul. Case A with 
K = 3 ,  KI = 1, and C 1  = 0.3. 
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Figure 18.- Ineffectiveness  of  rate  feedback for eliminating  the  rate-limiting  oscillation  in vl 

Case  C. K = 3 ,  KI = 1, and  C1 = 0.3. \D 
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Figure 19.- Effects  of  increased  rate limits and of decreased  deflection 
limits on the   l imi t ing   osc i l la t ion .  (Compare wi th   f i g .  18(b). ) 
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Figure 20.- Effect  of  lower value of  control-rate  limit  for  case C. 
(Compare  with  fig. 19.) 
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Figure 21.- Illustration of increased  rise time generally resulting from 
low deflection limit.  Case A (same autopilot  as fo r  case C). 
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Figure 22.- Response  of neutrally  stable  system of f igure  18(a) with added 
acceleration  feedback. 
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Figure 23.- Effect  of i n t eg ra l   ga in  on regulatory  response  with 
l imiting. Case A with K = 3 ,  K' = 0.6, C 1  = 0.3, ZaL = 20°, 

and & = 40° sec-1;  steady  disturbance; = 8'. L 
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Figure 24.- Destabilization of limiting  oscillation by integral  gain. 
Command responses f o r  systems shown in  figure 23. 
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Figure  23.- Command responses  for  systems of figure  24(b)  with  high 
limits and f igure  24(a)   without   integral .  
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Figure 26.- Destabi l iz ing  effect  of increased  time  lag, and  improvement 
though use  of r a t e  and acceleration  feedbacks. Case C with K = 1, 
KI = 0.23, and C 1  = 0.3. 
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Figure 27.- comparison  of  time-lag e f f e c t   f o r  lower  and  higher  gain com- 
binations.  Case A with C 1  = 0.3, 6aL = 20°, and 6 - 120' sec-l. a L  - 

NACA - Langley Field, VI. 
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